Abstract. We show the existence of families of elliptic curves over Q whose generic rank is at least 2 for the torsion groups Z/8Z and Z/2Z × Z/6Z. Also in both cases we prove the existence of infinitely many elliptic curves, which are parameterized by the points of an elliptic curve with positive rank, with such torsion group and rank at least 3.
Introduction
The construction of families of elliptic curves having high rank often is based in two basic strategies as mentioned by Elkies in [El] .
a) The Neron method studies the pencil of cubics passing through a set of nine rational random points and then looks for independence. See [Sh] for a good description of the method. Families of rank up to 10 where constructed in this way.
b) The Mestre method uses polynomial identities forcing the existence of rational points in the curve and then searchs for independence conditions. In this way Mestre was able to construct a rank 11 curve over Q(u), see [Me] .
In our case we want that the curve has a predetermined torsion group, Z/8Z or Z/2Z × Z/6Z, so we should start from the general model for such torsion and then try to impose the existence of new points. One way to do this is looking for good quadratic sections. Also the method developed by Lecacheux [Le1] , [Le2] , can be used in these cases. In her method Lecacheux uses fibrations of the corresponding surfaces, (as the ones given explicitlly in Beauville [Be] , in Bertin and Lecacheux [BL] or in Livne and Yui [LY] ) in order to find elliptic curves with positive rank over Q(u). Another useful tool in order to get high rank curves over Q(u) are the diophantine triples, in fact for the torsion group Z/2Z × Z/4Z we construct a rank 4 family, the current record for this torsion group, see [DP] .
In the case of torsion group Z/8Z families having rank at least 1 over Q(u) has been found by several authors, see [Ku] , [Le1] , [Le2] and [Ra] . In this paper we prove the existence of two elliptic curves having this torsion group and rank at least 2 over Q(u), also the existence of infinitely many elliptic curves over Q with this torsion group and rank at least 3, parametrized by the points of an elliptic curve with positive rank.
Elliptic curves with torsion group Z/2Z × Z/6Z and rank at least 1 over Q(u) have been constructed by several authors, see [Ca] , [Ku] , [Le1] , [Du1] and [Ra] . Here we prove the existence of three elliptic curves with torsion group Z/2Z × Z/6Z and whose rank over Q(u) is at least 2. We prove also the existence of infinitely many elliptic curves with this torsion group and rank at least 3 over Q, parametrized by the points of an elliptic curve of positive rank. We describe first the model for the elliptic curves having each of these torsion groups. Then, in both cases, we show the existence of several families having rank at least 1 over Q(u). We finally show the existence of two families in the Z/8Z case and three families in the case of torsion Z/2Z × Z/6Z having rank at least 2 over Q(u). In all the cases we describe the coefficients of the families and the coordinates of independent points.
We also exhibit some examples of curves with high rank. The current records both for families and for curves can be found in [Du2] . One way to find high rank elliptic curves over Q is the construction of elliptic curves with positive rank over Q(u), as high as possible, and then searching for good specializations with adequate sieving tools such as the Mestre-Nagao sums for example.
Torsion group
2.1. Curves with torsion group Z/8Z. The Tate's normal form for an elliptic curve is given by
(see [Kn] ). It is nonsingular if and only if b = 0. Using the adition law for P = (0, 0) and taking d = b/c we have
so P is a torsion point of order 8 for b and c as follows [Kn] . For these values of b and c we can write the curve in the form
Writing the curve in this form is a convenient way to search for candidates for new rational points. In fact their x-coordinates should be either divisors of B or rational squares times divisors of B.
2.2. Curves with torsion group Z/2Z × Z/6Z. Using again the Tate's normal form and the adition law for the point P = (0, 0) we find
It follows that P will be a torsion point of order 6 for b = c + c 2 . For this value of b we write the curve in the form y 2 = x 3 + A 6 (c)x 2 + B 6 (c)x. We get
In the new coordinates the torsion point of order 6 becomes (−4c, 4c(1 + c)). Now we use the fact that the curves with torsion Z/2Z × Z/2Z have a model y 2 = x(x − m)(x − n). So in order to get a curve with torsion group Z/2Z × Z/6Z it is enough that in the family above the polynomial
factorizes into linear factors. So the discriminant ∆ = (1 + c) 3 (1 + 9c) of the second order polynomial must be a square, hence
.
For these values of c the corresponding curves have torsion group Z/2Z × Z/6Z and can be written as
The torsion point of order 6 transforms into
Remark. The cases treated here, jointly with the general curve having torsion Z/7Z and whose model is
are the three cases in which the general model for such torsion group is a K3 surface.
3. Rank 1 families 3.1. The case of torsion group Z/8Z. For this torsion group we show ten conditions upon v leading to rank 1 families. Some of them were already known due to the authors quoted before. We first list eigth values of x i which becomes the x-coordinate of a new point once we specialize to the corresponding values of v i , i = 1 . . . , 8. We include another two values, v 9 and v 10 , found by Lecacheux by using adequate fibration of the general model with torsion Z/8Z.
(1 + w) ,
Details of one of this cases is given in the next section. In every case the new point is of infinite order so the rank of the corresponding curve is at least 1 over Q(w).
3.2.
The case of torsion group Z/2Z × Z/6Z. We have found several conditions upon v leading to rank 1 families. In the next table we list nine values of x i which becomes the x-coordinate of a new point once we specialize to the value of v i , i = 1 . . . , 9. As before some of them were already known due to the authors quoted above.
More details are given in another section. In every case the new point is of infinite order so the rank of the curve is at least 1 over Q(w).
Rank 2 families for the torsion group Z/8Z
4.1. A family with rank 1. We present here some details for the family in which we have found two subfamilies with torsion Z/8Z and generic rank at least 2. It corresponds to the third entry in the table of rank 1 families above and it is a reparametrization of one of the families in [Le1] . By inserting in the general family
we get the rank 1 family given by
By searching on several homogeneous spaces of the associate curve we have found the possibility of imposing two new conditions which lead to new points. The values x 1 and x 2 jointly with the specialization of the parameter are
With these specializations we get two different families of rank at least 2 over Q(u). 
The x-coordinates of two independent infinite order points are
The x-coordinates of the torsion point of order 8 is:
That the rank of this curve is at least 2 over Q(u) can be proved using a specialization argument, since the specialization map is a homomorphism. 
The x-coordinate of the torsion point of order 8 is:
Remark. When we use w 3 = (−3+u)(3+u) 7−6u
and w 4 = (−3+u)(3+u) 11−6u
in the family of rank at least 1 corresponding to v 10 we get two families of rank at least 2. They are a reparametrization of the two families above. So we have the following fact, when we specialize in the general family with torsion group Z/8Z to v 3 = we get two families of rank at least 2 that are a reparametrization of the rank 2 families that we get by using v 10 followed by w 3 = (−3+u)(3+u) 7−6u
and w 4 = (−3+u)(3+u) 11−6u . So at the end with the changes v 3 follow by w 1 and w 2 and v 10 follow by w 3 and w 4 we reach the same families of rank at least 2 even though the families of rank at least 1 of the intermediate step are different.
4.4. Rank 3 for the torsion group Z/8Z. It can be proved that there exist infinitely many elliptic curves with torsion group Z/8Z parametrized by the points of a positive rank elliptic curve. In fact it is enough to see that the equation w 1 (r) = w 2 (s), i.e.:
11 − r 2 10r = 29 − 12s + s 2 −29 + s 2 has infinitely many solutions. This is the same as to solve 319 + 290r − 29r 2 − 120rs − 11s 2 + 10rs 2 + r 2 s 2 = 0 in rational terms, so the discriminant ∆ = 3509 + 62r 2 + 29r 4 has to be a square. But t 2 = 3509 + 62r 2 + 29r 4 has a solution, (r, t) = (1, 60) for example, hence it is equivalent to the cubic y 2 = x 3 − 463x 2 + 45936x whose rank is 2 as proved with mwrank [Cr] . This, jointly with the independence of the corresponding points, implies the existence of infinitely many solutions parametrized by the points of the elliptic curve, see [Le1] or [Ra] for this kind or argument.
Rank 2 families for the torsion group Z/2Z × Z/6Z
5.1. A family with rank 1. We present here some details for the family of rank 1 in which we have found two subfamilies of generic rank at least 2. It corresponds to the eighth entry in the table above. We have found the possibility of converting x 8 = (−5 + 3v)(3v − 1) 2 in the x−coordinate of a new point by considering the homogenous space (U, V ) = (3v − 1, 1) of the initial family
The condition that has to be fulfilled is that v(−3 + 5v) converts into a square, hence we get v 8 = 3 5−w 2 . Once we insert v 8 in the preceding family and take off denominators we have the family y 2 = x 3 + AA 26 (w)x 2 + BB 26 (w)x where
The point of infinite order is
and the torsion point of order 6 is T = 8(−8 + w 2 )(−5 + w 2 )(−2 + w 2 )(−16 + 5w 2 ), 72(−2 + w) 2 (2 + w) 2 (−8 + w 2 )(−5 + w 2 )(−2 + w 2 )(−16 + 5w 2 )
By searching on several homogeneous spaces we have found the possibility of imposing two new conditions which lead to new points, hence, in case of independence, to a couple of rank 2 families. The values x 1 and x 2 jointly with the specialization of the parameter are
5.2. First family with rank 2. In order to force 2(−8 + w 2 ) 2 (−2 + w 2 ) 3 to be the x-coordinate of a new point it is enough to solve 2w 2 − 7 = M 2 . This is achieved
−7−2u+u 2 , and the corresponding family is y 2 = x 3 + AAA 26 (u)x 2 + BBB 26 (u)x where
The x-coordinates of the two infinite order points are
and the x-coordinate of the torsion point of order 6 is
The specialization for u = 2 gives an elliptic curve with rank 2 and the specialized points are independent so the fact that specialization is a homomorphism implies that the rank of the curve y 2 = x 3 + AAA 26 (u)x 2 + BBB 26 (u)x is at least 2 over Q(u).
5.3. Second family with rank 2. Imposing (−8 + w 2 )(−5 + w 2 )(−16 + 5w 2 )w 4 as the x-coordinate of a new point it is equivalent to solve 5w 2 − 4 = M 2 . This is achieved with w 2 = The x-coordinates of the two infinite order points are
5.4. Third family with rank 2. A variant of the model for torsion group Z/6Z by Hadano (see [H] ) will be used for the construction of another family of curves with torsion group Z/2Z × Z/6Z and rank at least 2. The curves with torsion group Z/6Z in [H] have the equation
For this model we first force the existence of a new point in order to have a family with this torsion and rank at least 1, then we choose the parameters that give complete factorization, and so the torsion Z/2Z × Z/6Z, and in the resulting family for this torsion and rank 1 we produce a second independent point with a quadratic section. We observe that with
we have a point in the curve with x coordinate given by
Once we clear denominators this family can be written as
The new point becomes
For a = 1, in general, P is of infinite order so the curve has rank at least 1 over Q(a, v). Now we observe that the complete factorization of the cubic is equivalent to forcing the discriminant of a second degree polynomial to be a square. The condition is a(−a+a 3 −v)(−1+a 2 −av +v 2 ) = square. This can be achieved with a = v + 1 followed by v = 1−w 2 −3+2w . Once we perform these changes we get
With these changes the x-coordinate of the infinite order point is
So we have a curve with torsion group Z/2Z × Z/6Z and rank at least 1 over Q(w).
Now we see that (−4 + w)(−3 + w)(−1 + w) 3 (1 + w) 2 (−7 + 3w) will be a new point on the curve if we force 4 − 9w + 3w 2 to be a square. This is the same as choosing w = − 9+4u −3+u 2 . Once we perform this change and clear denominators we get the following coefficients for the new family
The x-coordinates of the non-torsion points are X 1 =(−6 + u) 2 u(2 + u) 2 (−1 + 2u)(3 + 2u)(4 + 3u)× (6 + 4u + u 2 ) 3 (6 + 12u + 7u 2 ), X 2 = − (−6 + u) 2 (2 + u) 2 (−1 + 2u) 3 (3 + 2u) 3 (9 + 4u) (45 + 48u + 22u 2 + 8u 3 + 2u 4 ) 2 × (6 + 4u + u 2 ) 2 (3 + 4u + 2u 2 ) 3 (21 + 12u + 2u 2 ).
A specialization argument, as in Section 5.2, shows that these two points are independent so this curve has rank at least 2 over Q(u) and torsion group Z/2Z × Z/6Z.
5.5. Rank 3 for the torsion group Z/2Z × Z/6Z. Now we prove the existence of infinitely many elliptic curves with rank at least 3 and torsion group Z/2Z × Z/6Z parametrized by the points of a positive rank elliptic curve. In fact it is enough to see that the equation w 1 (r) = w 2 (s), i.e.: 2(7 + r 2 )
−7 − 2r + r 2 = 5 − 2s + s 2 −5 + s 2 has infinitely many solutions. This is the same as solving −35 + 10r − 15r 2 − 14s − 4rs + 2r 2 s + 21s 2 + 2rs 2 + r 2 s 2 = 0 in rational terms, so the discriminant ∆ = 49−7r+20r 2 +r 3 +r 4 has to be a rational square. But t 2 = 49 − 7r + 20r 2 + r 3 + r 4 has a solution, (r, t) = (1, 8) for example, hence it is birationally equivalent to the cubic y 2 = x 3 − 43x 2 + 280x whose rank is 1 as proved with mwrank [Cr] . This and the independence of the corresponding points, implies the existence of infinitely many solutions parametrized by the points of the elliptic curve.
6. Examples of curves with high rank 6.1. The case of torsion group Z/8Z. The highest known rank of an elliptic curve over Q with torsion group Z/8Z is rank 6 curve found by Elkies in 2006. See [Du2] for the details of this curve.
The following list includes examples of rank 5 curves found in the rank 1 families of subsection 3.1. First column indicates the number of the family and the second the value(s) of the parameter producing a rank 5 curve. The indication (L) means
